UNIFORM BOUNDS OF BASE CHANGE CONDUCTORS 
AND LINK WITH THE GENERALIZED SZPIRO 
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Abstract. The difference between the Faitings height of an abeiian 
variety A defined over a number field k and its stable height is measured 
by the so-called base change conductor. In this paper, we give a uniform 
bound of the base change conductor in terms of the dimension of A 
and the degree of k. This allows us to reduce the generalized Szpiro 
, conjecture to the semi-stable case. 

1. Introduction 

Let A be an abeiian variety of dimension g denned over a number field 
k of degree d. Let O k be the ring of integers of k and let A be the Neron 
model of A over Spec Ok- Let e : Spec Ok — > A be the zero section of A and 
let be the sheaf of relative differentials of A over Ok- A global section uj 
\/-} . of can be seen as a top degree differential form which is invariant under 

the translations on A. The Faitings height of A is defined by 

(N 



h Fal (A) = —^—(log^in/ujOk) - Yl lo glMI-)> 

where 0, = T(Spec Ok, e* A 9 a runs over all embeddings of k in C and 
the norm of u with respect to a is defined as in |Fal83] : 

UN;. - I — - ) / a -. V rr : k C. 



X: 
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The Faitings height of A does not depend on the choice of uj by the product 
formula of algebraic numbers. 

A central problem on the Faitings height is the generalized Szpiro conjec- 
ture, which claims the following: Given a number field k and an integer g, 
there are constants c\(k,g) and C2 (&,<?), depending only on k and g, such 
that for every abeiian variety A over k of dimension g, the Faitings height 
hpai(A) satisfies 

hFai{A) < ci(k,g)logN k /Q(J 7 A/k) + c 2 {k,g) 
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where Tj^/k is the conductor of A [BK94j and N k /<Q denotes the absolute 
norm map of fc/Q. 

To help study the Faltings height, a closed related notion is that of 
stable height. It is defined as follows. By the semi-stable reduction the- 
orem of Grothendieck, there exists a finite field extension l/k such that 
A{ = ^4x Spcc fcSpec I has semi-stable reduction. The Faltings height hp a i(Ai) 
does not depend on the choice of I and is called the stable height of A. Let P 
be the set of primes of O k at which A does not have semi-stable reduction. 
For each prime p of let Np be the cardinality of the residue field of 
at p. Then we have 

h Fal {Ai) - h Fal (A) = E c(A, p) log(iVp) 

for some positive rational number c(A, p),p G P uniquely determined by A 
and p. Following Chai and Yu ( [ChaiOO] and [CY01| ). we will refer to the 
numerical invariants (c(^4,p)) pg p as the base change conductor of A. We 
will also call c(A, p) the local base change conductor of A at p. 

In view of the generalized Szpiro conjecture, a natural question is to ask 
whether the local base change conductor c(A,p) is uniformly bounded. In 
this paper, we give a positive answer to this question. More precisely, our 
main result is the following. 

Theorem 1.1. There is a function f : N x N — > N having the following 
property: For every number field k of degree d = [k : Q] and every abelian 
variety A of dimension g over k, the local base change conductors c(A, p) all 
satisfy c(A,p) < f(d,g). 

In fact, our proof will give an explicit construction of a possible choice for 
/. As an application, we will show that the generalized Szpiro conjecture 
can be reduced to the semi-stable case (cf. Theorem I3.4p . 

The proof of our main theorem makes use of some local analysis on Lie 
algebras and Weil restrictions as well as a theorem of Raynaud. A key step 
is to prove a bound for the base change conductor of a Weil restriction in 
the local case. 

2. Some reviews on Weil restriction 

Let 7r : S' — > S be a finite and locally free morphism of schemes. Let 
X' be a quasi-projective £"-scheme. Then the functor Rgi/g(X') from the 
category of 5-schemes to the category of sets defined by 

R S , /S (X') : Sch/S -> (Seta); T ^ Hom 5 ,(T x s S', X') 

is representable by a quasi-projective 5-scheme (cf. [BLR90] . §7.6, Theorem 
4), called the Weil restriction of X' with respect to tt. By abuse of nota- 
tion, we also denote by Rs'/s{X') this representing scheme. If there is no 
confusion about n, we call it the Weil restriction of X' for short. It is clear 
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that if X' is a group scheme over S', then R S i j s (X') is a group scheme over 
S. 

If 7r : S' — > S is a finite and flat morphism of connected Dedekind schemes, 
Neron models behave well with respect to Weil restrictions. More precisely, 
let K and K' be the function fields of S and S' respectively and let A' — > S' 
be an abelian scheme which is the Neron model of its generic fiber A' = 
A' Xs> Specif'. Then by [BLR90], §7.6, Proposition 6, the Weil restriction 
A = Rs'/s(A') exists and is the Neron model of its generic fiber A x$ 
Spec K = R K , /K {A'). 

Example 2.1 Let S' = Spec L and S = Spec K where L/K is a finite 
separable field extension. Let X be a quasi-projective if -scheme. For later 
use, let us recall the description of the Weil restriction Y = R l / k (Xl) of 
Xl via Galois descent. 

Let F/K be a finite Galois extension with Galois group V and assume 
there is a if -embedding L <—> F. Let A be the set of if-embeddings of L in 
F. To each r £ A, we associate an .F-scheme 

X' T = X L x (L r) SpecF = X x K Spec F = X F . 

The schemes X' T , r£ A are all the same as F-schemes but they have different 
L-scheme structures. Let Y 1 = \\ T& ^X' T be the fiber product of the X' T 's 
over Spec F. 

Let us assume that X = Spec A is affine. Then we can define a semi-linear 
T-action on Y' by 

7( <8> a T ) = (g> a' T with a' = (id ® j)(a T ) 

for any 7 £ T and a T = a® x £ A 0k F = A' T with a £ A and x G F. Let 
Y" = Y'/T be the quotient of Y' by T. Then Y is the Weil restriction of Xl 
by the theory of Galois descent ( |KMRT98j . Page 329). 

In general, since X is separated and quasi-compact, we can find a finite 
affine open covering {Ui,i = 1, ...,n} of X such that CZy = U{ D J7j are also 
affine. Then the Weil restriction R l / k (Xl) of Xl can be obtained by gluing 
Rl/k{Ui x k Spec L) along R L /i<{Uij x K Spec L). 

3. Uniform bounds of base change conductors 

We shall prove our main results in this section. To start with, let us recall 
the definition of base change conductors. 

Let K = kp be the completion of a number field k at a finite prime p. Let 
A be an abelian variety of dimension g over K with Neron model A over the 
ring of integers Ok of K. Let L/if be a finite field extension such that Al 
has semi-stable reduction. Let A' be the Neron model of Al over the ring 
of integers Ol of L. By the universal property of Neron model, there exists 
a unique morphism eft : A x Spec 0£ — >• A' which extends the canonical 
isomorphism between the generic fibers. Let e denote the zero section of 
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the abelian scheme A/Ok or A'/Ol and let (resp. be the sheaf of 
relative differentials of A/ Ok (resp. A'/Ol)- Then the quotient 

r(SpecOjf, e* /\3VL l A )®Q L 
r(Spec L , e* A9 n^,) 
is an O^-module of finite length. We define 



c(A) = length. 



r(Spec Ok, e* A 9 n\)®Q L 



e(L/k p ) 6 Ul V r(SpecOi, e* A9 0^,) 
where e(L/K) is the ramification index of L/K. One verifies that the num- 
ber c{A) is independent of the choice of L. 

Note that the module T(Spec Ok,£*^\) may be viewed as the module 
of the translation invariant differential forms on A and is dual to the Lie 
algebra Lie(A) of A. Hence we can rewrite 

1 i ^ Lie{A') 

< A) := <lM length ^ fe(i)^ L ' 

Proposition 3.1. With notation as above, assume that L/K is a Galois 
extension and put B = R L / K (Ap). Then we have 

c{A) < c{B) < 5 L/K dimA, 

where 5^/k *s the normalized K-valuation (i.e. the set of the values of the 
valuation is Z) of the discriminant of L/K. 

Proof. Let T be the Galois group of L/K and let F be another copy of 
L. Applying the result in Example 12.11 to X = A, we get Bp = L] Af,t 

tGA 

and Lie(Bp) = © Lie(Ap jT ). On the other side, by the functoriality of 

rgA 

Lie algebras and Weil restrictions, we have Lie(Bp) = Lie(B) ®k F = 
Lie(Ap) ®k F. Hence we have an isomorphism 

* : Lie(A L ) ® K F -)■ © Lie(A F)T ) t <g> x i-)- (zr*(i)) T , t £ Lie(A L ), x G F, 

rGA 

where r* : Lie(Ap) — > Lie(Ap) is induced by r : L — > F. 

Let Of be the ring of integers of F. Let A (resp. B,A',B') be the 
Neron model of A (resp. B, Al, Bp) over Ok (resp. Ok,Ol, Of)- Since 

Bp = \\ A F , T , we have B' = \[ A' 0p T and Lie(B') = © Lie(A'o F ,r)- By 

tgA tga f ' reA 

the universal property of Neron models, there is a morphism (j) : B Xq k 
Spec Of —> B' extending the isomorphism of generic fibers. Then the mor- 
phism (ft induces a morphism (f>g : Lie(B) ®o K Of ^ Lie{B') which can be 
identified with the restriction of ^ on Lie(B) ®o K Of- Note that we may 
identify A with V and write 4>b as 

4> B : Lie(A'o F ) ®o K ®f -> © Lie(A'o F 7) t <g> x h-> (j*(t)x)~. 

7Gr 

Then the cokernel of 4>B is killed by the different ideal ^o L /o K °^ ®L over 
0^ by Proposition 3.3 of |LL] applied to M = Lie(B') and L = F. 
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Hence we have 

, n . 1 , [L : iTIdimA 

c(-B) = e lengthy Cokerfa < lengthy S) 0i/C , K < tf i/A -dunA. 

For each r let p r be the canonical projection of Bp = YI t& \Af, t onto the 
r-component and let v = Y2t€APt- Then v is T-invariant, hence v : B — >• A 
is defined over K. By considering the morphism between Neron models 
induced by v we get a commutative diagram of Lie algebras: 

Lie(B)®0 L ► Lie(A)®0 L 



Lie(B') — Lie(A'), 
where both horizontal morphisms are induced by v. 

By Example 12, 1\ we have Lie(B') = © Lie(A' T ) and v#((x T ) T ) = X^reA x r 

for any (x T ) T G © Lie(A') T . Hence v* is surjective and consequently the 

r£A 

map from Coker(<^g) to Coker(<^4) induced by v* is surjective. Since c(B) = 
e(L/K) len g th o £ Coker(^B) and c(A) = e{L ) K) length OL Coker(0^), we get 
c(A) < c{B). This completes the proof of the proposition. 

□ 

Remark 3.2 The bound given above is not sharp in general. When A has 
potential ordinary reduction, Chai |ChaiOO| proved that x(^4)/4 < c(A) < 
x(A)/2 where x(^4) is the Artin conductor of A. 

Now let A be an abelian variety over a number field k. Recall that the 
base change conductor of A/k is determined as follows: Let P be the set of 
primes of the ring of integers Ok of k at which A does not have semi-stable 
reduction. For each p € P, let c(A,p) be the number c(Ak p ) defined earlier 
for the abelian variety A^ p over the local completion kp. Then the base 
change conductor of A/k is (c(A, p)) pe p. 

We are now ready to prove our main result, Theorem 1.1, which states 
that c(A,p) can be uniformly bounded by a number f(d,g) depending only 
on the degree d of the number field k and the dimension g of the abelian 
variety A. 

Proof of Theorem 1.1. Let n be a positive integer and let A[n] be the kernel 
of the multiplication-by- n map on A. Let fc(^4[n]) be the composition field 
of the residue fields of the points of A[n]. A theorem of Ravnaudf |SGA7| . 
Proposition 4.7) asserts that if n > 3, then -A^^un has semi-stable reduction 
away from n. In particular, for n = 15 and I = fc(A[15]), A\ has semi-stable 
reduction everywhere and we have 

[l:k]< h{g) := \GL 2g {Z /3Z)| * \GL 2g {Z/5Z)\. 

Let p be a prime of k, a prime of I lying over k and let Gqj be the 
decomposition group of *}3|p. Then the ramification filtration of G<$ has 
length at most vi v (p)/(p — 1) ( [Ser79j . §IV.2, Exercise 3c) where is the 
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normalized ^-valuation of i<p. Then the normalized ^-adic valuation of 
the different of ly/kp is smaller than \G^\vi v (p)/(p — 1) by jSer79| . Chap 
IV, Proposition 4. So the local base change conductor c(A, p) of A at p is 
smaller than g\G<$\ 2 v kp (p)/(p — 1) by Proposition 13.11 Hence the function 
f(d,g) := fi{g)dg + 1 has the desired property. □ 

Proposition 3.3. The generalized Szpiro conjecture is equivalent to the 
following statement: 

There exist positive functions ci(d,g), C2(d,g) and cs(d,g), in variables 
d and g, such that for every number field k of degree d and every abelian 
variety A/k of dimension g, one has 

(1) h Fa i(A) < ci(d, g) log N k /^{T A / k ) + c 2 (d, g) log A fe / Q + c 3 (d, g), 

where J- A/k ^ s the conductor of A and A k /Q * s the discriminant o/fe/Q. 

Proof. We need only to show that the generalized Szpiro conjecture implies 
the inequality (P). 

Let B = Rfc/Q^Ak), then by Theorem ll.il we have 

h Fa i(B) > h Fa i(Bi) = d h Fal (Ai) > d(h Fa i(A k ) - } (d,g) log N k/Q {F A / k )), 

where / = /c(^4[15]), f(d,g) is the same as in Theorem 1 1 . 1 1 and the equality 
h Fa i(Bi) = d h Fa i(Ai) holds since B l Af. 
Hence we have 

h Fa i{A) < -h Fal (B) + f(d,g)logN k/Q (T A/k ). 

By the generalized Szpiro conjecture, there are constants c' 1 (dg),c' 2 (dg) 
depending only on dg (and Q) such that 

h Fa i{B) < c[(dg) log T b /q + c' 2 (dg). 

By Proposition 1 in [Mil72| . we have T b /q = A^/q^/^A^. Combining 
the above inequalities proves the proposition. □ 

Theorem 3.4. The generalized Szpiro conjecture is true if and only if the 
inequality ^ holds for all abelian varieties A over k which have semi-stable 
reduction over k. 

Proof. We just need to show if the inequality ([I]) holds for all abelian varieties 
over k which have semi-stable reduction, then it holds for all abelian varieties 
(with possibly different choice of Ci(d,g),i = 1,2,3). 

Let A be a ^-dimension abelian variety over k and let / = /c(yl[15]). 
Since l/k is unramified outside the places above 3 and 5 and the degree 
[/ : k] is bounded by a function of g, log(Ai/q) — log(A fc/ /Q) is bounded 
from above by a function in variables d and g. By Theorem 11.11 we have 
h Fa i{A) < h Fa i(Ai) + f{d 1 g)\ogN k/ q{F A / k ). It then follows that h Fa i(A) 
satisfies the inequality [T] provided that the same inequality holds for all 
abelian varieties with semi-stable reduction. 

□ 
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